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This paper deals with a study of the class  of lattice paths, made of north, east,
south, and west unit steps, which being at −1 0 and end at 0 0, avoiding the
non-negative x-axis.  is bijectively proved to be enumerated by odd index Catalan
numbers according to the number of steps. © 2001 Academic Press
1. INTRODUCTION
Catalan numbers are among the most frequently occuring sequences in
enumerative combinatorics. In [4] a collection of 66 combinatorial inter-
pretations of Catalan numbers is presented. For further details see also
2 5. Catalan numbers, Cn, are deﬁned recursively by C0 = 1 and Cn+1 =∑n
k=0 CiCn−i. The ﬁrst terms are 1 1 2 5 14 42 132 429    (sequence
M1459 in [3]) while the well-known general term is Cn = 1n+1
(2n
n
)
.
In the plane ×  the following four types of steps are taken into con-
sideration: north steps, 0 1, east steps, 1 0, south steps, 0−1, and
west steps, −1 0. Let  denote the set of all those lattice paths which use
north, east, south, and west steps, beginning at −1 0 and ending at 0 0,
without touching or crossing the non-negative x-axis before they reach their
end point. In [1] Bousquet-Me´lou and Schaeffer introduce the paths of 
1 This work was partially supported by MURST project: Modelli di calcolo innovativi: metodi
sintattici e combinatori.
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FIG. 1. A  path with 25 steps.
to solve a question raised by Kenyon on the “domino” mailing list and
call them paths on the slit plane. Each path belonging to  is made up of
2k+ 1 steps, k ≥ 0; so let 2k+1 be the set of  paths having 2k+ 1 steps
(see Fig. 1).
Bousquet-Me´lou and Schaeffer use functional equations to prove that

2k+1
 = C2k+1, which means that  is enumerated by odd index Catalan
numbers according to the number of steps. Moreover, they prove this state-
ment as a particular case of a more general result; indeed they study the
number aijn of walks of length n that start from 0 0 and end at i j,
and never touch the horizontal half-axis k 0  k ≤ 0, but have to admit
that “no bijective proof of these results has been found yet.” This paper pro-
vides such a proof, by establishing a bijection between the paths of 2k+1
and the 2-coloured Motzkin paths of length 2k (Fig. 2).
The 2-coloured Motzkin paths [2] are lattice paths made of rise 1 1,
fall 1−1, and of two types of horizontal steps, 1 0, the α-coloured and
β-coloured horizontal steps, running from 0 0 to n 0 and remaining
weakly above the x-axis. The number of 2-coloured Motzkin paths of length
n is well known to be equal to Cn+1 [4].
FIG. 2. A 2-coloured Motzkin path with 20 steps.
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2. THE BIJECTION
Let p be a path of 2k+1. We turn it into a lattice path w running from
0 0 to 2k+ 1−1 and formed by the same four steps as the 2-coloured
Motzkin paths. The transformation is easily performed by encoding:
—a north step of p by a α-coloured horizontal step of w,
—a south step of p by a β-coloured horizontal step of w,
—an east step of p by a fall step of w,
—a west step of p by a rise step of w (see Fig. 3).
For instance, the  path represented in Fig. 1 is transformed into the
one of Fig. 4a.
The resulting path, w, has the same number of α-coloured and
β-coloured horizontal steps, while the number of fall steps exceeds
the number of rise steps by one unit. Let P be the leftmost point of w
having the lowest ordinate. We remark that P is preceded by a fall step
and determines two subpaths: the one preceding P , denoted by L, from
which we remove the last step, and the one following P , denoted by R.
Let R¯ denote the path obtained from R by replacing each α-coloured step
with a β-coloured step, and at the same time, each β-coloured step, with
a α-coloured step. Finally, we transpose the path L with the modiﬁed path
R¯, thus obtaining a 2-coloured Motzkin path of length 2k (see Figs. 4b, 4c).
If P coincides with the last point of w, then the 2-coloured Motzkin
path corresponding to w can be obtained simply by removing the last step,
clearly a fall one, of w (see Fig. 5).
The last part of the paper aims at reversing the previously deﬁned con-
struction, that is, to obtain a path of 2k+1 starting from a given 2-coloured
Motzkin path of length 2k. Let u be any subpath of a 2-coloured Motzkin
path. Two functions are deﬁned, f u and gu, such that
(i) f u is the difference between the number of α-coloured and β-
coloured horizontal steps in u.
(ii) gu is the difference between the number of rise and fall
steps in u.
FIG. 3. The transformation of a  path in a lattice path.
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FIG. 4. The bijection for the path of Fig. 1.
If w is a 2-coloured Motzkin word having even length, 2k k ≥ 0, then
f w is an even number and gw = 0 . Moreover we can divide w into
two subpaths, u and v, so that:
(i) w = uv;
(ii) f u = f v;
(iii) for any preﬁx s of v, either f s = 0, or gs ≥ 0;
(iv) u is the shortest preﬁx of w verifying (i), (ii), (iii), possibly the
empty path.
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FIG. 5. A particular case of the bijection.
In order to prove the existence of such a decomposition we consider the
following two cases:
(1) f w = 0. In this case it sufﬁces to take u as the empty path
and v = w.
(2) f w = 0. Suppose that the statement does not hold; that is, for
each decomposition w = uv such that f u = f v, there exists a non-empty
preﬁx s of v such that
f s = 0 and gs < 0 (1)
Among all the possible decompositions of w satisfying f u = f v u v =
, we consider the one for which u has the maximal length and denote it
by w = u0v0. Let s0 be a preﬁx of v0 satisfying (1). The decomposition w =
u′v′, being u′ = u0s0, is such that f u′ = f u0 + f s0 = f u0 = f v′.
Therefore u′ must be a proper subpath of w (otherwise f u′ = f v′ = 0).
But 
u′
 > 
u
, against our hypothesis.
As an example, let us take into consideration the 2-coloured Motzkin
path w, represented in Fig. 6a, such that f w = 4. The lattice points
belonging to w and dividing it into subpaths, u and v, such that f u =
f v = 2, are A, B, C. The ﬁrst does not satisfy (iii), since the path on the
right of A contains a subpath s = AB such that f s = 0 and gs = −1.
However, as both B and C satisfy (iii), for (iv), B is the point which divides
w into the desired subpaths.
Let u¯ be the path obtained from u by replacing each α-coloured step
with a β-coloured step, and at the same time, each β-coloured step, with a
α-coloured step. Now we transpose u¯ and v and place a fall step between
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FIG. 6. From 2-coloured Motzkin paths of length 2k to a path of 2k+1. The numbers
denote the order of the steps in the path.
them (see Fig. 6b). We therefore obtain a lattice path w′ made of 2k + 1
steps, which we turn into a path of 2k+1 simply by reversing the code given
in the ﬁrst part (see Fig. 6c).
The resulting path is a 2k+1 path as it satisﬁes the following properties:
—the path has the same number of north and south steps: indeed
f w′ = f u¯ + f v = −f u + f v = 0;
—the number of east steps of the path exceeds the number of west
steps by one unit: indeed gw′ = gw − 1 = −1;
—for each preﬁx of the path, the number of west steps is less than the
number of east steps, or the number of north steps is different from the
number of south steps. Therefore, the path does not cross or touch the non-
negative x-axis. In order to show this property, we have to verify that, for
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each preﬁx x of w′, f x = 0 or gx ≥ 0. Let w = uv be the decomposition
of w satisfying properties (ii)–(iv), and let w′ = vdu¯, d being the fall step
inserted between v and u¯. Moreover, let x be any preﬁx of w′. We have the
following cases:
(1) 
x
 < 
v
. Therefore f x = 0 or gx ≥ 0, for (iii);
(2) x = vd so f x = f v = 0, for (ii);
(3) 
x
 > 
v
. Suppose that a preﬁx x of w′, x = w′, exists such that
f x = 0 and gx < 0. Then w′ = vdr¯z¯ and x = vdr¯, r¯ being a non-empty
preﬁx. Let us consider such a preﬁx x having the maximal length. We will
show that the decomposition w = u′v′, where u′ = r and v′ = zv, satisﬁes
properties (ii) and (iii), while 
r
 < 
u
 contradicts (iv).
Since f x = 0, then f r¯ = −f v and f r = f v = f u = f r +
f z. Thus f z = 0, and f u′ = f v′; that is, the decomposition w = u′v′
satisﬁes (ii).
Moreover we have gx = gv + gr − 1 and gv = −gr − gz, so
gx = −gz − 1. Clearly, gx < 0 implies gz ≥ 0. Let s be a preﬁx of
v′ = zv; we distinguish the following three cases:
(a) 
s
 > 
z
. In this case s = zp, for a non-empty preﬁx p of v.
Then
f s = f p + f z = f p
gs = gp + gz ≥ gp
so f s = 0 or gs ≥ 0 for (iii).
(b) s = z. In this case gs = gz ≥ 0.
(c) 
s
 < 
z
. It is not difﬁcult to observe that f s = 0 and gs < 0
would imply the existence of vdr¯s¯ = w′, with f vdr¯s¯ = 0 and gvdr¯s¯ < 0,
against the hypothesis that x is the maximal preﬁx of w′ such that f x = 0
and gx < 0. Therefore it must be f s = 0 or gs ≥ 0.
Thus we have proved that the decomposition w = u′v′ satisﬁes (ii)
and (iii).
In the particular case of such a 2-coloured Motzkin path w that f w = 0,
the corresponding  path can be obtained by simply adding a fall step at
the end of w (see the construction of Fig. 5). Indeed the point 0 0 easily
satisﬁes the conditions (i), (ii), (iii), (iv), and thus u is the empty path and
v = w. Figure 7 shows the above described bijection between the ﬁve paths
of 3 and the ﬁve 2-coloured Motzkin paths having length 2.
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FIG. 7. The bijection between the paths of 3 and the 2-coloured Motzkin paths of length 2.
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